ABSTRACT-Recently non-relativistic boundary conditions based on the Lorentz force formulas have been introduced. It was shown that to the first order in the relative velocity / v c the results are in agreement with the exact relativistic formalism. Specific boundary value problems have been solved to get concrete results and demonstrate the feasibility of implementing the formalism. These included examples involving plane and cylindrical interfaces.
INTRODUCTION AND ROADMAP
Recently a new non-relativistic treatment for scattering in velocity-dependent systems has been proposed [1] . Examples for scattering by material objects in free space have been analyzed. Subsequently the question of solving cylindrical problems for velocity-dependent scattering for objects immersed in material media has been considered [2] . The proposed formalism [1] is based on boundary conditions derived from the Lorentz force formulas.
Consider an electric charge (1) e q in medium " " 1 . In this medium a boundary is in motion at a velocity , which can be a function of space coordinates r and time t . Following both classical and relativistic formalisms, the charge is > 2 < considered an invariant, i.e., (1) ( ) b e e= is the same for observers in " " 1 and when co-moving with the boundary coordinates " " b . The force ( 
1) e
f , acting on a charge on the boundary, is given by the Lorentz force formula (1) ( ) 
For a rigid object moving within the medium " " 1 , we take in (2) ( 2) 0 b = v . From (1, 2) and relativistic transformations for fields, it was suggested [2] that if magnetic sources were existent, we would be able to measure magnetic Lorentz forces, and corresponding to (1, 2), we would have (1) ( )
(1) ( ) (1) ( )
(2) ( ) (2) ( 2) (2) ( ) (2) ( )
Zero net energy is dissipated on the boundary itself, and therefore no additional forces are created on it. It follows that at the boundary (1-4) prescribe the equilibrium conditions 
i.e., the tangential components of , e m f f are continuous across the boundary. Thusly (5, 6) provide the necessary boundary conditions for this class of problems ( ) 
( ) 
The Lorentz force and the relativistically exact boundary conditions [1] agree to the first order in / v c only. This indicates that one should use (7, 8) only for relatively moderate velocities. Most practical problems are of this nature. On the other hand, the Lorentz force formula does not assume a constant velocity, hence in (7, 8) ( , ) t v r may be any function of space and time. The mathematical tools presented in the next section are quite general, in the sense that they facilitate the analysis of various complicated geometries, e.g., velocity and incident wave given in arbitrary directions. However, the aim of the present analysis is to demonstrate the feasibility of solving such problems in principle, rather than choose the most general, hence very complicated, cases. Accordingly, we analyze here the Mie problem of scattering of a plane electromagnetic wave by a sphere, and choose a case of high symmetry, where the velocity is along the polar axis, as explained below. This considerably simplifies the mathematical detail.
From here on we need a roadmap to understand the method employed for solving the scattering problem: We start with a mathematical overview which puts at our disposal the tools used later, and introduce notational conventions, with some of the frequently used abbreviations collected in a list at a subsequent section.
The analysis leans heavily on the plane wave representations (essentially Sommerfeld-type integrals in the complex domain) for the vector spherical waves. The boundary value problem for Mie scattering by a moving sphere is developed. The manipulation of the coefficients in the complex integrals requires the application of various formulas given below, some taken from the literature, others developed here. The end product of this procedure facilitates representations in terms of series of vector spherical wave functions, but the associated coefficients are still spatially-dependent and therefore require further manipulation. This leads to series which allow us to exploit the orthogonality properties of the vector spherical harmonics, and thus facilitate the solution for the scattering coefficients involved in the boundary conditions relations.
At this stage we are ready to calculate the scattered field, which is given as a superposition (integral) of plane waves. Inasmuch as the frequencies of the scattered plane waves in the integrand are dependent on the directions of the waves, the complex path integrals are complicated and cannot be represented in terms of series of vector spherical waves, as was done for scattering in the absence of motion. For the near field in the vicinity of the scatterer a first order approximation is provided, but this is inadequate for larger distances. Mimicking the approach taken in [2] for scattering by a moving cylinder, series of inverse-distance powers differential operators are used, facilitating moderate and far field representations.
Because of the complicated calculations, we have to heap up new definitions and substitutions for expressions as we move along. While this has the potential of encumbering the presentation, it should be easily handled by mathematical numerical packages which allow continuous nesting of parameters. For the detailed organization of the subsequent material see also the summary below.
MATHEMATICAL OVERVIEW
The mathematical background for the present investigation is given in some detail. Basic relations are included here for completeness, because there are some subtle differences in definition and notation used by various authors. Sources for spherical vector waves and the related harmonics are Morse and Feshbach [3] , and Stratton [4] . We draw heavily on Twersky [5, 6] , and use some of his notation.
Essentially, the present investigation deals with the solution of the Helmholtz vector wave equation in simple media 
Three independent solutions of (9) are constructed
where in (11) â denotes a unit vector satisfying
u r u r (12) are prescribed by Maxwell's equations for fields in sourceless simple uniform media. The solution ϕ = ∂ r L nevertheless satisfies (9, 10) , and is needed for completeness. It also features in the velocity-dependent problem defined below.
The solutions for (10) are given by P . Corresponding to (11, 13) , vector spherical waves follow 
Plane wave representations for the spherical vector wave functions will be used below for the implementation of the new boundary conditions and evaluation of the scattered field. Thus we have, correspondingly, 
for each of the waves and its corresponding harmonic in (16). The factor 2 for the nonsingular Bessel functions in (16) is due to the fact that
2 n n n j h h = + . For discussion of the integration limits see [4, 5, 7] .
In general, arbitrary wave functions can be represented by series and their corresponding plane wave integrals P in the integral, are omitted. For two-dimensional problems Twersky [8] and Twersky et al. [9] derived the scattered field in terms of a differential operator representation involving inverse powers of the distance. The two-dimensional representation has been used for the moving cylinder and moving cylindrical medium [2] . A corresponding representation for the scalar three-dimensional case was also given [5] by Twersky, who also provides [6] , ) ( ) ( , ) ( ) 
In (18) the application of the differential operator dyadic D first acts on the vector function ( ) G r , thus separating it to its components, e.g., ˆG
, then operating on these component according to the differential operators as prescribed, and finally attaching the appropriate antecedent unit vector as prescribed (cf. [6] ). This is the usual scheme used for dyadics.
Note that unlike Stratton [4] , who expresses the vector spherical waves and harmonics (16) in terms of series involving even and odd harmonics, with , C S ψ ψ , and takes the appropriate limits for m , Twersky [5, 6] and others use complex Fourier series with im e ψ , and the appropriate limits on the sum with respect to m .
Let us consider the relation between the two representations. The surface harmonics are defined in (13) , whence it follows that establishing the connection to the even and odd spherical harmonics used by Stratton [4] and elsewhere, e.g., [3] . The notation ,
indicates that we take the real, imaginary, part of im e ψ , respectively (assuming real arguments everywhere).
From (14) and (19) (14). The present section recapitulated the various mathematical tools needed subsequently for discussing the velocity dependent scattering problems. Additional formulas will be added as needed.
THE BOUNDARY VALUE PROBLEM FOR A MOVING SPHERE
The center of a sphere of radius R moves according to 0 
This is not a new spatiotemporal frame of reference in the relativistic sense. In fact, we refer to one and only frame of reference ( , ) t r , in which the local coordinate system ( , )
T t r is parametrized by the time t . The excitation plane wave in the external medium (indicated by index "1") is given by
, , propagating in the direction ˆê x = k z, with ,
ex ex E H polarized along the , x y axes, respectively, thus conforming with the geometry used by Stratton [4] (see p. 564 there).
The new boundary conditions (7, 8) are used here for
, yielding at some point referred to by T r , e.g.,
and similarly 0 0
(1) 0 0
In (23, 24) the amplitude is multiplied by a phase factor 0T i e ϕ , providing a reference phase, as explained below. Note that by considering fields at some fixed point, e.g., at a boundary we are not dealing any more with a field wave, rather, we are considering a field signal, which does not satisfy the wave equations (9, 10). Simple substitution of (21) into ex ϕ in (22), would constitute a Galilean transformation of the plane wave into a new spatiotemporal frame of reference. We already know that this technique does not tally with relativistic results. This point has been discussed in [2] in some detail. Essentially, what the present model prescribes is to find the time-dependent field signal at some arbitrary reference point in the boundary's local coordinate system ( , ) T t r , and then consider phase shifts associated with other locations. To do so we have to include the Fresnel drag effect [2, [10] [11] [12] . What this means in the present context is that we have to use
where instead of the propagation vector of a plane wave (1) k , given in the external medium " " 1 at rest, we consider ( ) b k in the boundary local coordinate system, as prescribed by (25).
Accordingly, in (23, 24) we compute the signal at 0 T = r according to (21, 22) . Although this point is not accessible to the external waves, it provides a convenient reference because of the symmetry with respect to the spherical boundary surface. Of course any other reference point can be used. Thus we get 
In free space (1) 1 A = , and consequently in (27) ( ) 
In the absence of motion, corresponding to (28), the nonsingular internal fields for T r R ≤ are represented at the boundary (cf. Stratton [4] , p. 565) as
In (29) 
which for 0 α = reduce to (26). Inasmuch as the boundary conditions must be satisfied at all times, the scattered wave must be constructed in such a way that on the sphere's surface the time dependence is identical to that of the incident wave, therefore ( )
(1) (1) 2 (1 ) / (1 ) 1 
The last line (32) applies to first order in (1) β , which is the first order approximation used throughout. At any other location T r we have to include an appropriate phase shift as prescribed (25). Similarly to (27) we now have at the sphere's surface 
, , Incorporating (32) into (33) yields
Based on (7, 8, 30 ) and similarly to (23, 24), at the boundary, we have to consider the signal
(1)
(1)ˆˆ( 
In (36) the coefficients , G G , must be computed. Finally the scattered wave outlined in (37) will have to be converted to forms that can be readily computed. For vanishing velocity (38) reduces to (37).
CALCULATION OF THE VELOCITY-DEPENDENT TERMS
The statement of the scattering problem for the moving sphere culminated in having the integral expression (38). We now embark on the tedious and complicated odyssey of recasting the first order in (1) β velocity terms in series of vector spherical harmonics. Only in this form orthogonality considerations can be Assuming R to be sufficiently small to justify the approximation of an exponential by its leading Taylor expansion terms, i.e. 1 a e a ≈ + , in view of (30, 33-35), at the boundary (38) becomes, to the first order in (1) 
Note that according to (33) A involves , T R C θ , but for the time being we treat them as constants because they are not involved in the integration in (39).
Consider the term C 
indicating that only the terms for which 1, 1 q n q n = + = − are non-vanishing. We finally find the terms Applying (50) 
The term corresponding to ( ) ⋅ z g p in (39) leads to longitudinal vector harmonics of type m n P . At a first glance one is tempted to discard these terms, because we are interested only in transversal waves. But on inspection of (14, 17) it is evident that the associated nm L functions still involve the transversal 
The last term involves ( ) C α h p , which temporarily will be expressed in terms of r coordinates as ( ) C θ h r . Corresponding to (50-52) we have for this term , and integrating and exploiting the orthogonality properties in (15), yields ( 
We choose for (59) the formula in (60) with the upper index needed in the orthogonality relations (15). Also using (46) we find ( ) 
Using the last integral in (15) we finally derive 
Similarly, multiplying both sides of (57) by 
Apply now (68) to h defined in (39, 52), this yields 
In (69) and subsequently, the sign notation in the superscript, appearing in (67, 68), is delegated to the coefficients so that By now we have derived explicit expressions for all the terms multiplying (1) β in (39), in terms of spherical vector harmonics.
These will now be combined, once again reverting to the appropriate original coordinates ˆ, T p r 
where in (71) the coefficients are related to previous ones by 21  17  1  22  15  1  23  16  3  19  5   24  18  3  25  16  2  19  4   26  18  2  27  16 , , ψ , and not ready yet for the calculation of the scattering coefficients. This will be discussed in the next section.
CALCULATION OF THE SCATTERING COEFFICIENTS
We got now all the ingredients necessary for evaluating the scattering coefficients. According to (5) (6) (7) (8) 
The longitudinal terms µ ν P of (71) do not feature. In order to solve the boundary value problem, orthogonality properties must used. Hence in (73) the coefficients involving , , ,
T T T T S C S C
θ θ ψ ψ times the involved vector spherical harmonics, must be recast in terms of vector spherical harmonics once again. All the necessary formulas have already been developed above, and we need to tend to the details. This operation will once again branch out the summation range.
Exploiting When we have an expression containing two operators, we start from the outermost operators, and continue to the inner operators, e.g., Similarly to (74), 
